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Abstract 
The subject matter of the article is a non-stationary axisymmetric goal for a round rigid bi-morph plate consisting of two 
piezoceramic elements. Mechanical bending vibrations of the structure are caused by the action of its end surfaces of electric 
potential which is an arbitrary function of the radial coordinate and time. The new closed solution is constructed in the 
framework of electrodynamics in three-dimensional statement by the consistent use of finite integral Hankel transform of the 
axial coordinate and generalized transformation (TRC) for the radial variable.  
The clarification of the constructed solution is to completely satisfy the boundary conditions, compared with previous results on 
the cylindrical faces of the solid and the bi-morph plate. 
The calculated ratio allows conducting a qualitative and quantitative analysis of the coherence of electromechanical stress fields 
in electrical multilayer component in elastic structures. This allows describing the work and picking up all the geometric and 
physical characteristics of the typical elements of piezoelectric transducers of resonant and nonresonant classes. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of ICIE 2016. 
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1. Introduction  
Nowadays the various technical devices piezoceramic transducers are used in the form of thin bimorph plates [1-
5]. The most effective elastic electric system with a high sensitivity is a structure consisting of two round-piezo 
ceramic plates. As the calculation model, the applied theory of thin plates is usually used [6], where kinematic 
hypothesis complemented by similar assumptions about the nature of the electric field [7–11]. This approach allows 
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using simple ratios calculated to describe the work of the bimorph plate and pick up its geometrical dimensions 
allowed to improve the efficiency of energy transformation. 
To account for the peculiarities of the change associated physical fields in multilayer piezoceramic plates with 
split electrode, there is a need for research in the theory of electrodynamics. Emerging in this case considerable 
mathematical difficulties, arising from the complexity of the original settlement of relations in partial, allowed to 
build solutions in three-dimensional formulation in the works [12,13]. Wherein boundary conditions on the 
cylindrical surface of rigidly fixed element were not completely satisfied. To solve this problem, a new model of 
dynamic analysis bimorph plate is proposed in this paper. To implement it, the most efficient machine in the form of 
an analytical study of the finite integral transformations is used [14] that allows to construct a closed solution.  
2. Problem Specification  
Let a fixed circular plate, which in the cylindrical system   zr ,,T  occupies region : : ^ ,0 br dd   
,20 ST dd `0 z hd d , consists of two piezoceramic elements with height  1h ( 12h h  ), made of a material 
of the hexagonal system class 6mm. Axisymmetric bending vibrations are excited by summing up to the front 
electrodes of piezoceramic plates with opposite direction of the axial vector polarization voltage, electric voltage 
 ,V r t   and earthing of inner electrode surfaces.  
Differential equations of motion and electrostatistics, as well as boundary conditions in a cylindrical coordinates 
system dimensionless form, are as follows [15]: 
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where   ^ ` ^ `* *1 * * 1, , , , , , , , , , /U W r z h h U W r z h h b  ;     33 11( , , ) ( , , )r z t r z t e bɋI I  ;    
1
11t t b C U

 ;    , , , , ,U r z t W r z t         radial and axial components of the displacement vector;
,zz rzV V   normal and shear stresses; ,rD I
   the radial component of the induction vector potential and electric 
field; mke , 11 33,H H   piezoelectric modulus and the coefficients of the dielectric constant of the electroelastic 
material  , 1,5m k  ; , mkCU  apparent density and elasticity modulus of piezoceramic material; 
0 0 0 0, , ,U U W W      known at the start time travel and travel speed; 
1
r r
w
w
   . 
The ratios (1) – (5) are mathematics expressions of the boundary value problem of electroelasticity.  
3. General Solution  
The solution has been achieved by the method of integral transformation with the use of Hankel [16] 
transformation with the finite bound of r  argument and general transformation (FGT) [17] of z radial coordinate.
Firstly, formulae (1) – (5) are reduced to a standard form making it possibly to carry out a procedure of separation of 
variables. For that purpose, the last equation (2) is changed for the condition of the presence of shear stresses 
 tzN ,1  on the cylindrical surface of the plate:  
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As a result, a new challenge electroelasticity by the action on the face of the bimorph plate given electrical load 
 ,V r t  is considered ɢ attached to the cylindrical surface of the structure of unknown shear stresses  tzN ,1 . 
To solve the problem (1) – (6)  new features are introduced  tzrw ,, ,  tzr ,,F , related with  tzrW ,, ,
 tzr ,,I   the formula: 
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Where 1 1,W N   unknown functions, defined in terms of solving the problem of lack of vertical displacements of 
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the cylindrical surface of the plate (last boundary formula (2));   120 55 11 15R C eH   . 
It should be noted that the absence of an external mechanical load in thr problem (1) – (5) and taking account of 
changes in the height of the section I  , suggests that function 1N  must be anti- symmetrical with respect to the 
middle surface of the construction and where  10, ,z h h   is zero. 
Consequently, after placing  (7) in (1) – (6)  and taking account of changes 1N  we get a boundary value problem 
concerning , ,U w F functions. When this differential equation (1) and the first boundary condition  (3) are 
heterogeneous with right sides 1 3R Ry , 1B ,  
Besides, conditions  (2), with account of  (6)  in which 1 r , is determined on the following calculated basis:  
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In contrast to the classical formulation of elasticity problems and electroelasticity [18] in this study, the 
calculation of the spectrum of natural frequencies "rigid" fixation is also characterized by the absence of the angle of 
rotation. 
For the boundary value problem concerning , ,U w F  we use Hankel transformation with finite limits to the 
variable r , with the help of the following transformations:   
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and with the following reciprocation formula: 
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in which nj   positive zeros of the function  1 nJ j , arranged in increasing order  0;,0 0  f jn . 
In the space of the image we get a new boundary value problem which is solved using structure algorithm of the 
generalized method of integral pre-formations (TRC) [17]. For this we introduce to degenerate segment > @0, h  
instrumentations with unknown components  1 , ,inK zO  2 , ,inK zO  3 ,inK zO  vector-function of the core 
conversion: 
   1 2
0
, ,
h
in H in H inG n t U K W K dzO  ³ ,  (11) 
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where inO   positive parameters which form a countable set  f ,1i . 
By subjecting the boundary value problem for the functions , ,H H Hu w I  at instrumentations [15] we get 
homogeneous boundary value problem for the components of the core changes 1 2 3, ,in in inK K K  and a countable set 
of  Cauchy problems for transformants inG . These tasks were obtained by the author in the papers [12,19,20]. 
Placing 1 2 3, ,in in inK K K  into border conditions  forms a homogeneous system of equations for the permanent 
inin DD 121 ,..., . While searching her nontrivial solutions, we obtain a transcendental equation for calculating 
eigenvalues inO  as well as the expression of the integration constants.   
The final expressions functions  , , ,U r z t   , ,W r z t ,  , ,r z tI  obtained by applying consistent inversion 
formula (12), (10).  
The function is determined by the while satisfying the conditions of the absence of the vertical displacements of 
the middle surface of the plate at : 
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To determine the function  1 ,N z t  the simplest way is to use the following representation: 
     1 1 1
1
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 ¦ .  (14) 
The coefficients kA  are determined for the approximation of functions  1, ,W z t . The value k  depends on the 
accuracy of the description  1, ,W z t  (the boundary condition (2) is satisfied 22 k  at the points on the height of 
the section bimorph plate. 
The calculated ratio on functions   , , ,U r z t   , ,W r z t ,  , ,r z tI  satisfies the differential equation (1) and 
the boundary conditions (2) - (5) , i.e. are closed solution of the boundary value problem electroelasticity. 
4. Conclusions 
For the analysis of the stress-strain state of the bimorph plate, her work in the first resonant frequency is seen 
314 10b  u  m, 7730U   kg/m 3 , ( ^ `11 33 12 13 55, , , ,ɋ ɋ ɋ ɋ ɋ  ^ ` 1010.9, 9.1, 6.1, 5.4, 2.4 10u  H/m 2 ,    
^ `31 33 15, ,e e e ^ `4.9, 14.9, 10.6   kl/m 2 , ^ ` ^ ` 911 33, 7.73, 7.26 10H H  u  F/m  ). In this case, the most efficient 
conversion of electrical influence on the outer faces of the piezoceramic plates need to use two split ring electrode 
(number and dimensions of the electrodes determine the zero value of the function  1 nJ j ) of the section with a 
radius 38.8 10a  u m ( 1 0.628r a b  ).When this electric potential is applied to adjacent electrodes in 
antiphase. 
Introducing the electrical load  ,V r t  in the form of: 
     0 1 1, sinV r t V H r r H r r tT   ª º¬ ¼ , (15) 
where 0 ,V T   the amplitude and frequency of external influence in the dimensionless form. 
Based on the analysis results of the calculation, the following conclusions can be formulated: 
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1)  Antisymmetric shape shear stresses  1 ,N z t   with respect to the middle surface is almost independent of the 
plate thickness and the frequency characteristics of the external action. Extreme value  1 ,N z t  is within (0.44y
0.46) 1h . Increasing the thickness of the plates leads to increased shear stresses in the anchorage. 
2) Refinement of the calculation model adopted in this paper leads to an increase in the vertical component of the 
displacement vector. In particular, when calculating  0,0,W t  ( 31 0.35 10h  u m) keeping effect  1 ,N z t  as 
compared with the approximate solution [10,11], leading to an increase in displacement of 17%. This ratio is 
roughly performed when the thickness of the plate is changed. 
3) Increasing the thickness of the plate leads to an increase in stiffness and decrease in movements.  
4) When forced vibrations of the bimorph plate thickness does not change. In the center of the plate ( 0r  ) the 
highest compression (elongation) observed in the mid piezoceramic plates ( 1 12,3 4z h h  ), and in the case 
0.5r   on the front surface of the structure. 
5) Refined calculation model has no significant effect on the change in the potential and the electric field. 
However, the magnitude of the induction electric field varies considerably. 
In conclusion, it should be noted that this approach may also be used in the dynamic analysis of thin and thick 
anisotropic elastic plates. 
References 
[1] V.V. Bogorodskiyect, Underwater electroacoustic transducers, Spb, Sudostroenie, 1983. 
[2] V. Sharapov, Piezoceramic sensors, Springer, Verlag, 2010. 
[3] Sensors, ed. by V.M. Sharapov, Tekhnosfera, Moscow, 2012. 
[4] V.V. Ganopolsky, B.A.  Kasatkin, F.F. Legusha, The piezoceramic transducers, Sudostroenie, Spb, 1984. 
[5] P. Halevi, Bimorphs piezoelectric flexible mirror: graphical solution and com-pavition with experiment. J. Opt. Soc. Amer. 1 (1983) 110–113. 
[6] S.N. Nikonorov, Theory of elasticity and plasticity, Moscow, 1955. 
[7] N.T. Adelman, Y. Stavsky, Flexural-extensional behavior piezoelectric cilcular plates, J. Acoust. Soc. Amer. 3 (1980) 819–822.   
[8] Y.B. Evseichik, The sensitivity of the bimorph transducer of metal-piezoceramic, Applied mechanics. 12 (1990) 67–75.  
[9] V.L. Karlash, Resonance Electro-Mechanic Vibration of Piezo-Ceramic Plates, Int. Appl. Mech. 7 ( 2005) 535–541. 
[10] A.O. Vatuliyan, A.A. Rynkova, On a model of the flexural vibrations of the piezoelectric bimorph with split electrode and its applications, 
Moscow. 4 (2007) 114–122. 
[11] I.V. Yanchevskiy, Unsteady oscillations round asymmetric bimorph under electrical loading, Vestnik, Donetsk National Institution. 2 (2010) 
101–105. 
[12] D.A. Shlyakhin, Dynamic axisymmetric problem electroelasticity rigidly fixed to the bimorph plate, Vestnik PNINU, Mechanics. 2 (2015) 
164-178. DOI:10.15593/ perm.mech/ 2015.2.11. 
[13] D.A. Shlyakhin, Dynamical problem in the theory of electroelasticity for an asymmetric rigid bi-morph plate, Procedia Engineering. 111 
(2015) 717-725. DOI information: 10.1016/j.proeng.2015.07.137. 
[14] Yu. E. Senitsky, The method of finite integral transformations - generalization of the classical procedure of expansion in their own vector 
functions, Saratov University, Novaya Seriya, Mathematics, Mechanics, Computer Science. 3 (2011) 61–89. 
[15] V.T. Grichenko, A.F. Ulitko, N.A. Shulga, Mechanics related fields in structural elements, Kiev, 1989. 
[16] Y.S. Uflyand, Integral transformations in the theory of elasticity, Moscow-Spb., 1963. 
[17] Yu.E. Senitsky, The multicomponent generalized finite integral transformation and its application to non-stationary problems of mechanics, 
Izv. University. Mathematics. 4 (1991) 57–63. 
[18] A.N. Guzya, Spatial problems of the theory of elasticity and plasticity, Naukova Dumka, Kiev, 1986. 
[19] D.A. Shlyakhin, Forced axisymmetric vibrations of a thick circular plate rigidly fastened piezoceramic, Russian Academy of Sciance, MTT. 
4 (2014) 90–100. 
[20] D.A. Shlyakhin, Non-Stationary Flexural Fluctuations of a Round Flat Bimorph Plate with Graded-Varying Thickness, Procedia Engineering, 
91 (2014) 69–74. DOI information: 10.1016/j.proeng.2014.12.014. 
